Locally uniformly convergent sequence of holomorphic functions: Weierstrass M-Test: Weierstrass M-test

Let (fn)n>1 € H(2), Q open, that converge uniformly on compacta to Let f,, : 2 — C holomorphic,  open and U C Q open.

f: Q- C. Suppose there exists a sequence of real numbers M,, > 0

such that Vz € U
Then f is holomorphic and ( f,,),>1 converge uniformlyon compacta to f’.

Let f € C°(Q,C), where Q C C is open: fn(2)| < M, and ZM’” < 00
holomorphic_locally_uniformly_convergent_results_in_holomorphic ol
feH() <= VTriangleT C Q : / fdz=0 derivative_of_locally_uniformly_convergent

T

Then ) .-, fn converges uniformly on U.

Complex Integration: Goursat: Goursat_Theorem

The Integral of a complex function is If f: € — C is holomorphic then for every Triangle

defined as the integral along a 0 Morera: Moreras_theorem Properties of Zeros: properties_order_holomorphic_function
parameterized_curve as in B Let£2 € C open, f: £} — C continuous such that for Lot O b H(Q) O Th Parameteringegral: parameterintegral_for_holomorphic_functions
- : : . . e e open, | © , € 2. 1hen
complex_path_integral. / fdz—0 any open disc D C € and for any triangle whose inside D 1 ond I(’f) f . Elzﬂ ) o D (20) mach Let Q C C be open, I = [a,b] C R closed and bounded. Let
- — : - i) If ord, =oothendr > 0: f(z) =0 forany z € D,(zy) suc
T is also in ) we have ’ o Y ’ F : Q x I — C be a function such that
that D,(z9) C Q (ie f is locally zero).
Goursat_Theorem_prime tells us that this even holds if / fdz=0 (ii) If ord,, (f) # oo then 3'h € H(D,(z9)) and n € Z,n > 0 such e F'is continuous on Q x I.
feH(\ {z0}), fis continuous on €2 and any T that

* Foreach ¢y € I the function f¢,(2) := F(z,t0) : 2 — Cis
f(2) = (z — 20)"h(2), Vz € D,(zo) holomorphic.

rectangle R C () Then f is holomorphic on 2.

If f: €2 — Cis a continuous function that has a where h(zo) # 0 and n = ord,, ( f). Then the function f(z) defined by the integral

primitive_of_a_complex_function then we have (iii) For any g € ‘H({2) we have

independence_of_path_between_two_points

b
£(2) = / F(z, ) dt

Cauchy's Estimate: ord, (f + ¢g) > min(ord,, f,ord, g)
Cauchys_estimate_for_derivatives_of_holomorphic_functions ord;(fg) = ordy(f) + ord, (g)
. . . . - - — T : D : is holomorphic and f'(z) = fb F'(z,t)dt.
Holomorphic Function: holomorphic_function Let f € H(Q), zo € Q,7 > 0,D,(z,) C Q, then a
Let f: 2 — C a function, {2 C C open, zp € 2. We say f is l
holomorphic at z if the following limit exists ‘ f (n) (E’[})‘ < i I fllc (20)
Tﬂ; ri<
) f(2) — f(20) . f(z0 + k) — f(20) Integral over closed loop is zero
z_}zﬁ;zu z — 2 - h%}ﬂ;g h integral_of_closed_loop_of_func
tion_with_primitive Liouville's Theorem: Liouvilles_theorem _
Cauchy Lemma: If f € ‘H(C) and bounded, then f is constant. Itfe _%(C) nﬂn-FDnstant, t}llen Imf(f ) is
existence_of_primitive_of_continuous_function_with_zero_integral_on_rectangles dense in C. Funktionentheorie_Serie06
Let D be an open disc and let f continuous in D with the property that
_/R fd==0 Power Series Expansion:
’ o local_power_series_expansion_of_holomorphic_function
for every rectangle R, whose sides are parallel to the axes. Then f has a primitive. Let f be holomorphic on an open set €, zo € 2 and r > 0, so that o o o
+ : - - . undamental Theorem o ebra:
power_series define a holomorphic function If f=u+w:Q — C Qopenand D, (zp) C €. Then f has a power series expansion, i.e. Vz € D, (z) : fAlg
in their radius of convergence u,v € CL, then £ is holomorphic iff Fundamentalsatz_der_Algebra
absolute_convergence_of_power_series as in R : = . _ ™) (20) A non-constant polynomial of degree n > 1 has
| | | | the Cauchy-Riemann_equations hold Cauchy: Cauchys_Theorem ) . | | | f(z) = Z a,(z— z9)", with a, = '
power_series_define_holomorphic_function Cauchy's Integral Formula: Cauchy_integral_formula, — n! exactly n roots.
If f e H(Q2) and v C 2 closed curve, then . .
Cauchy_integral formula_for_dervatives
/fd 0 Let f € H(2) and D C  a closed disc, set C = 0D, then
e —
Y Vze D
Isolated Zeroes: isolated zero This even holds if there is a point zg € {2 where F)(2) = l‘ / f(w) _ dw
For f € H(2) (2 open) with 0 < ord., f < oo we f is merely continouos Cauchys_Theorem_prime 2m Jo (w—2)""
have a 6 > 0 such that Vz € Dj}(z) Identity Theorem: identity_theorem Holomorphic Functions on a domain are an integral
Let f,g € H(S2), where Q # @ is open and connected. Then domain:
f(z) # 0
the following are equivalent: zero_divisors_of_holomorphic_functions_on_connected_do
i.e. the zero at 2y is isolated. (i) f=gon main, Integritaetsring
. : . . . . ii) Ja € Q such that £ (a) = g™ (a)Vn > 0
Characterisation of Poles: characterisations_of_a_pole_of_a_complex_function Riemann Continuation Theorem: Riemann_continuation_theorem (_,_ frla) =g | ( ) .
[ C and (0 0 Then the follows (iii) {z € Q | f(2) = g(2)} has a limit point in 2
- | For m € N, m > 1 the following statements about f € H(Q \ {z0}) are equivalent. et zo € Cand f € H(2 ~ {20}), 2 open. Then the following are
Image around essential singularity: (i) f has a pole of order m at zq equivalent.
Let f € H(D;(20)) and let f have an essential singularity at zo. (i) 3r > 0, g € H(D,(z0)) such that g(zo) # 0 and f(2) = (z — z0) ™g(z) for all z € D*(z) (i) f is holomorphically extendable to all of (2.
Then Caseroti-Weierstrass asserts that the image of D} (z¢) is (iii) 3r > 0 such that D, (2) C Q and k € H(D,(zo)) such that k(z) # 0 for all z € D (z,), (i) f is continually extendable to all of Q. Homotopy Theorem: Homotopy_Theorem
dense in C. And Great-Picard makes an even stronger statement h has a zero of order m at 2o and such that (iii) f is bounded in a neighbourhood of z, i.e. 3r > 0 such that f Let 2 C C open, f € H(£2), 70,71 two curves in (2 that are either
that C ~. f(D;(z0)) contains at most one point. is bounded in D*(zo). Residue Theorem: Residue_theorem, General_Residue_Theorem (i) 0, v1 closed curves vy ~q V1.
f(2) = 1 (iv) lim, ., (2 — 20) f(2) = O Let Q C C be open, F = {24, .., 2,} afinite set in Q. Suppose (ii) o, v1 are homotopic with fixed end points.
h(2) f € H(Q2 . F). Let v be any circle contained in €2, with positive Then
(counter clockwise) orientation such that F' Ny = @. Let D be the
open disc bounded by . Then L faz= /T fdz
0 1
Logarithmic Derivative: Power Series Expansion around Pole: L fdz = 2mi ;D res, f
. . . z; e
logarithmic_derivative_of_meromorphic_function ocal_power_series_expansion_with_poles
Let 2 C C be open and connected, f € M(Q), f # 0. If f € H(Q . {z0}) has a pole of order n at zo. Then Jr > 0 such that This can be generalized to {2 C C be simply connected, f € M (),
Then f’/ f, the "logarithmic derivative" of f, is also in £(z2) = a_n %@y a1 G(2) V =~ St Let y be a closed curve in V. Then we have
M(Q). And f’/ f has poles of order 1 at points zg € € (z—20)" (2—20)™! z— 2
N — :
for which ord,, f # 0, i.e. f'/f has poles at zeroes and Principle part of f at the pole z / fdz = 2mi Z wy(20) - T€S2 (f)
Calculating the residue: Lemma_for_calculating_residues 7 20€ Sy Holomorphic on simply connected domain has primitive:
poles of f. Furthermore
If f e H(2 {z0}) has a pole of order n at zy.Then such that G(z) € H(D»(20))- holomorphic_function_on_simply_connected_domain_has_primitive
res o ord, f . We call a_; the residue of f at the pole z = zo. res,, f = a_;. We also Let Q C C be a simply connected domain and f € H(£2). Then f has
20 — 20 n= .. :
res,, f = lim ( ! Dl ( : ) ((z—20)"f(2)) denote the pirnicple part of f at zo with P, (). a primitive and in particular
Z—rZ( n — ! &
Logarithm of Function: logarithm_of_complex_function / fdz=20
Let f € H () non-vanishing, 2 C C ~. {0} simply !
Open Mapping Theorem: connected. Then there exists a holomorphic function for any closed curve .
Open_mapping_theorem_for_holomorphic_functions Schwarz's Lemma: Schwarzs_Lemma g : {2 — C such that
Argument Principle: argument_principle Rouché's Theorem: Rouches_Theorem Let €2 be open and connected f € #(£2), f is not IjeJ[ f D — D be holomorphic with f(0) = 0. Then: £(2) = exp(g(2))
Let © C C be open and connected, D = ~ C  a circle (or B constant. Then f is an open map (i.e. sends open sets to (i) | f(2)| < |2| forall z € D.
any curve for which the Residue theorem applies) such that LFj‘t Y ES %(ﬂ), () Q C open, containing a - (i1) If for ZDIHE zo # 0 we ha‘ife | f (Zn)l — \30\ then
D C Q. Let f € M(£2) with no zeroes or poles on . Then cricle € and its interior and vz € C f(z) = e”z forsome 6 € R, i.e. f is a rotation. EXxistence of Logarithm:
, g(2)| < |f(2)] (iii) | f(0)| < 1 and equality holds if any only if branch_of complex_logarithm_on_simply_connected_domains
1 f—d _ d d f(2) = e?z for some 6 € R. . . . . ﬂ Let O C C -~ {0) be a simpl ted set. Then th it
271 f ° T Z ordz,J + Z ord., f Maximum Modulus Principle: maximum_modulus_principle Riemann Mapping Theorem: Riemann_Mapping_Theorem etf) C € {0} be a simply connected set. Then there exists a
! A=A 2SN Then f and g + f has the same number of [ ot O be onen and connected f c H(Q) gon-const;nt Then branch of logarithm on 2, i.e. a holomorphic function F' € H(2)
| zeroes inside C' (accounting for multiplicity). P : ; : If Q2 CC, Q=+, 0+ C, Qsimply connected and z, € €2. Then such that Vz € Q : exp(F(2)) = .
where Z is the set of zeroes and 5 the set of poles. there 1s no zp € £ such that vz € {2 there exists a unique F' : {2 — [D conformal equivalence such that
1£(2)] < f(20) F(z9) =0, F'(z9) > 0 (i.e. F'(zp) is real).

i.e. f cannot attain its maximum inside (2.

In particular if Q is bounded and f is continuous on €2, then . - . L
P / ’ Automorphisms of the unit disc: automorphisms_of_unit_disc

max |f(2)| < max |f(2)] Let f : D — DD be an automorphism of ). Then 30 € R, o € D
ze() ze~.02 SUCh that
the LHS exists since f is continuous on Q, Qs compact. f(2) @ —
z)=e
1l —az

then £(0) = e??a, f/(0) = e?(|a|® — 1). Conversly any map of the

form e ( — ) is an automorphism of .

1l—az
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